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The Exercises From Day 2

Tuesday, May 24, 2016

. Prove:

121 o
S1((Xo, X1); (Yo, V1)) = X1 + Y1 — = (f) Xovy
i=1
Pi((Xo, X1); (Yo, Y1)) = XgY1 + X{Yo + pXi V1.
Show that W is a ring of characteristic zero.
Show that W is an integral domain.
Show that (1,0,0,...) is the multiplicative identity of .
Show that W(F,) = Z,.
Show that W (FF,») is the unramified extension of Z,, of degree n.
Show that the element (0,1,0,0...) € W acts as mult. by p.
Show that p"W is an ideal of W.

. Let W,, = (wg, w1, ..., wy_1). Show that W,, is a ring with operations induced from W.

Show that W/p"W = W,,. In particular, Wy = k.

Show that FV = VF = p (multiplication by p).

Show that F,V both act freely on W, only F' acts transitively.

Show that if w € p"W then Fw,Vw € p"W. Thus, F and V make sense on W,, as well.
Show that W,, is annihilated by V"*+!.

Show that any w = (wp, w1, ws,...) € W decomposes as
0 )
(wo, wy,ws,...) = sz(wf ,0,0,...).
i=0

Show that the N picked such that VN*'M = 0 in the Dieudonné module need not be minimal.
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Let M be a Dieudonné module. Show that Ty = 0.
Let M = D,(H) = kx. Prove H is generated as a k-algebra by ¢, where t = T,.

For the next five problems, let M = E/(F™, V") = D,(H).
What is pM?
Exhibit a k-basis for M.

Prove that N
H =Fk[ty,...,t,)/ (&) ..., 82")

Write out the comultiplication (in terms of Witt vector addition).

Show that Spec(H) = W

For the next four problems, write out the Hopf algebra for each of the following. Be as explicit
as you can.

M=E/(F L, F-V)

M = E/E(F?,V?)

M = E/E(F?,p,V?)

M=FEx+Ey, Flz =0,F3y=0,Vz = F?y, V22 =0,Vy =0.

For the next three problems, find the Dieudonné module for each of the following.
H = k[t]/(t*"), t primitive.

H= k[tl,tg]/(tfs,tSQ), t; primitive and

p—1

1 . .
Alty) =to@1+13t L L G
(t2) =ta ®1+ ®2+;i!(p7i)!1®1

H= k[tl,tg]/(t’fa,tgz), t1 primitive and

p—1

1 2, 20
Alty) =t @1+10t L " A
(t2) =t ® 1+ ®2+;i!(p_“1 ® th

)

For the final three problems, let H = IF,,[t]/(t]ﬁ)7 M*=E/E(V3 V2 -F)

Using M*, give the algebra structure for H*. (Hint. It requires two generators.)
Using M™*, give the coalgebra structure for H*.

What changes if k& # F,7



